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Generating function For a positive integer n, prime number p, and
0<a<p-—1let p,(n) be the number of partitions.

Fa(x) = = = pa(n)x".
(=11 7= = Grrgrye = 20"

Rademacher formula for number of Partitions

1 g sinh (F1/30<— 3))
p(n) = ?ﬁ;Ak(n)\/ﬁ -

X~ 2
X=n

We plan to find an exact formula for p,(n).
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Literature after Rademacher

Hao 1940 partition with parts 2t + 1

Haberzetle 1941 partition with parts divisable by p or g and
24{(p—1)(g - 1)

Lehner 1942 partition with parts 5t & a

Lingwood 1945 partition with parts pt + a

Meinardus 1954 asymptotic formula for generating functions
(L—functions)

Isako 1957 partition with parts Mt + a
Brendt 1973 modular transformation of general generating functions

Ono 2000 Congruence equation for p(%) mod m

0000 00600 OO0

Laughlin 2010 partitions into parts which are coprime with both
numbers r, s simultanously
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Definition

For a, b, m € N, the Kloosterman sum is

K(a, b;m) = Z o2l (ah+bh')

0<h<m—1
ged(h,m)=1

Definition
The Bessel function of order « is

B °° (_]_)m X\ 2m+a
B =3 Ty (2)

In particular, the Bessel function of order zero is

1 [~ 2d
Jo(x)—§/0 el
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Symmetric subset of Residue modulo m

Let m € N; then a symmetric subset A of Z,, is a subset in which if
a € A, then —a € A. All of similar previous results are working in
symmetric set. We plan to find a way to discuss for non symmetric sets.

Definition

Farey dissection is a recurrence sequences of numbers.
a _ 0 G 1

Let b =1 and ® =1

an Cn antl __ antcp

by d €A — brii — botd, € An+1.

01
A =ip gt
011
A=ty gl
01121
Ay ={=,=,=,5,=
2 {17372a3a1}
0111231
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Step one: Modular Transformation

Define
> X X (pm+a)n
G,(x) = log(Fa(x)) = — Z log(1 — xP™t2) = Z Z e
m=0 m=0 n=1 n
Then

Ga(X) = Gb(X/) = 27TI(R1 T Rg)

where R; and R, are the residue of the following functions, respectively.

1 2 21h A\ (L + s, 2)¢(1 — s, %)
R
es<47rik2 Z s k Jaes k ) z=5cos(%)
pup=ha=b(modp)
0<u X\, up<k

/ A _ v
Res<47r1k2 > sin(Z sin 2T L1 2 el 5’“).

z=ssin(%2
pup=ha=b(modp) ( 2 )
0<v,A,up<k
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In modular forms Notation

|

4 hW—1
Let G(x) = [Gi(x), - - Gp(x)], Then if v = [ X —kh ] € To(p) (i-e.
plk), then
Gly(x) = AG(x)
where

A, = e2mi(Ri+R)

where Ry, R, are defined in the previous slide.
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Second step: Finding Residues

We have

z(p® —6pa+6a°) p° —6pb+6b°
48pki 48pkiz

3 T (@) (%),

pa=a (mod p)

Ri+R =

First point: Using the following equations for Hurwitz-zeta function,

k—1

] 2r(1—s) ( . 7rs 27r)\u
C(Sak):(%k)l_s< > E:OCOS (1 —s *)

k—1
277)\u A
+cos 5 ;)sm —s,k)>

Second point: - . {hup, k}? =3, _ {hua, k}?
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Third step: Computing R,
Let w,(h, k) = €*R2. Then

wa(h, k) :elﬂp(h(12327f¢u+12(k7p)(2k7p))+h’f¢u)

ﬂ-i(ékfd)—dgk'wﬁk){%}
X e 1k X el

where

D = 3akp — 12kpr — 3k(k — p) — 6ka — 3f pkp — 6kgay — 6kgpy + 3gk~.

To find a congruent equation for R, modulo 1, we need Zu hT“ [%“} It
can be find from the fact that Zua({hza} -2 = Ll = )2
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Fourth step: Incomplete Kloosterman's sum

Assume that

2mi(hn — v
A(n,v, k,d,o1,02,a) == > walh, k)e M.

where the sum is over 0 < h < k, h=d (mod p),

0< 01 <HW <o, <k. Then A(n,v, k,d,o1,02,a) = O(k3n%).

First point: We change A to a complete Kloosterman's sum by
/

multiplying a characteristic function a(h’) = 1 sk < 72 Then

0 O.W.

we find Fourier Transform of a(h’).

Second Point: We need to change e™{%7 into the form e”"(a“bh/“) To

k
. . if ha —=—1 27r/ra
do this we use Fourier Transform. If e™{%} = > ﬁ":’ko) , then

2

wi(1—2t)(3,k) | °

k(l—e *

b, =

Third point: Because of orthognality, we have symetry for all 1 < d < p.
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Last step: Circle method and Integral computation

Let D, = 24k2 ( 2 — 6pa + 6a° + 24pn)(2r + %) -

6pb-+6b°
E = &(2r— %).

() => ( 3 2mih(2v D) \/48pr — p* — 6pb + 617
2 _ — 632
0<"|E’V 0< <[~ E2=ebtot? ) 24kp p* — 6pa —6a° + 24pn
p = a8p

% Z (h k) —mi( 2n£+2h/r+k)>.

0<h<k
h=d (mod p)
0<h <k

where Ji(-) is the Bessel function of the first degree.
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First step: Modular Transformation

Let pt k, K = kp, kaw = a (mod p), and

Ja(x) = log ( H 1tmxn> :

0<n<oo = € K

Then
Ga(x) = Jaly(x) — 2mi(Ry + R»).

where Ry, R, are the residues of the following functions

1 2’y 2mAp, C(1+ s, %)¢(1 — 5, %)ds
4mikK l‘a:&%ad p) COS( & )COS( K ) z— COS(%S)
0<v A<k
1 C 2mplvy L 2Tl C(1+5,%)<(1—5,%)ds
K 2 Sn(=)sin(=e) z-5sin( %)

pa=a (mod p)
0<v, A<k




Number of partitions with parts of the form pt + a
L Exact formula for the case T € (1) \ T(p)

Second and Third steps: Computing Residues
We have

1
27TI(R1+R2) 2*6p2+622)7;)

1
48ikp 287kp 2P
— 4rikps(k, a, p) + wik(h, k, a, p).

where

o(k,3,p) = (|0g(2kp7f)+7)(%—;) log(2 )—%log(zw).

and
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Fourth step: Incomplete Kloosterman's sum
We define an analogous A for this case and we have
A(n, v, u,k,d,o1,0,3) = O((pk)5+).
The main difference: We need to deal with Zf/:o{m’(;ljiw} and

Zﬁ;o{w}- We compute a congruence equation for these sums to
change them in the form of ah + bh' + c.

v
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Last step: Circle method

We have
!/
PAmy=— > <e2:(hn+k((|og(2frpk)+v)(;)+|og<;:)°g<§’”))wa(h7 k)
0<h<k<N
h=d (mod p)

y \/m(p? — 6pa + 6a2 — 48pn)
24pk

/m(p? — 6pa + 62> — 48pn) N=2
x 1 ( 28k )| +0(e™ ).

where /1 is the modified Bessel function of the first kind and order one.
So we can find p,(n) = pi(n) + p3(n).
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Remark

The expansion for pl(n) is in the form of sum over multiplication of
Kloosterman's sums and Bessel functions. This exactly the same as the
Fourier expansion of Poincare series. In particular, assume that

dm(7) = g™, k > 2 be a half integer and

Pi,mn(T) = 3 er \rony Pmlky (7). Also, if Pemn = 3272, bm(n)q”
then

= , Kk(m, n, 4\/mn
bm(n) = (ﬂ) 5m,n +27T’_k Z k(mcn C)kal < T Cmn>

m
c>0,N|c

Comparing this and the formula for partitions give us a clue that all of
such generating functions can be represented as a series of Poincare
series.
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Corollary

Let ps(n) := pi(n) + p2(n) be the number of ways to represent n into
parts of the form pt + a®>. Then

’ —2mi hn+ k(log(2mpk)+~) _ klog(27) 1
D D osheken € F L 2 2 uwo(ph, k)(pk)?
1<d<p h=d (mod p)

b b
H w2 (h, k) H e727ﬂ(|og( e ))
a=1 a=1

2, Unys d (2cosh(v/ Uy Vy)
x | 3k (?)2a —VX’ 0 .

—1 d (22T 1
- o +0()
2/U,dx \ VWO, ) kN

where H Z waz(h k), Un, Vi, can be computed. Also wo(h, k) is defined
in the Rademacher proof and {a’*k=1}, is a%k~! (mod p).
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Corollary

Also
’ =1
—2minh 27nr 27r1r "n’
:Z Z & H(Zzptot PO T waz(h,/)>
d  0<h<k<N a=1
9=’ (h,k)
=" (h K)
h=d (mod p)

 wolh, K3k 22t 4 <2Wﬁ)>
x =n

™ YiVZ

—m d [2e72VEYx 1
- dx +0( )
2VZ,dx \ YIVZ ) kN

where we have r +r' < ;L (2427 (1_ {ha}+6{ha }2) w)
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Meinardus

Let f(z) = > o2 cnz" = [[reo(1 — 2¥) 5%, Assume that

D(s) = >, bgk™=. If first: D is convergent for o > r and has analytic
continuation for 0 > —(y for 1 > Gy > 0.

Second: There is a constant C; such that D(s) = O(|t|“*) uniformly
when o > —(y and t — o0.

Third: There exists Gy, € such that Re(G(e ")) — G(e ) < —Coo™¢
for |arg(o +it)| < 7, 0 # |[t| < m, and 0 — 0. Then there exists

ki, ko, C such that

1
o 7T (141) (Al'(r+1)g“(r+1)) i
¢, = Cn"e

Corollary

Let D(s) = > 02, W = p~—*°((s,a/p). Then
G(z) = z?*P(1 — zP)~L. We can check that all three conditions hold

and p,(n) ~ eD/(O)(477)_1/2(7r2/6)2a/pn_1/2_a/2pexp<7r(2n/3)1/2).
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