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Introduction

Definition
Generating function For a positive integer n, prime number p, and
0 ≤ a ≤ p − 1 let pa(n) be the number of partitions.

Fa(x) =
∞∏

m=0

1

1− xpm+a
=

1

(qa; qp)∞
:=

∞∑
n=0

pa(n)xn.

Rademacher formula for number of Partitions

p(n) =
1

π
√

2

∞∑
k=1

Ak(n)
√

k

 d

dx

sinh
(
π
k

√
2
3 (x − 1

24 )
)

√
x − 1

24


x=n

.

We plan to find an exact formula for pa(n).
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Literature after Rademacher
1 Hao 1940 partition with parts 2t + 1

2 Haberzetle 1941 partition with parts divisable by p or q and
24|(p − 1)(q − 1)

3 Lehner 1942 partition with parts 5t ± a

4 Lingwood 1945 partition with parts pt ± a

5 Meinardus 1954 asymptotic formula for generating functions
(L−functions)

6 Isako 1957 partition with parts Mt ± a

7 Brendt 1973 modular transformation of general generating functions

8 Ono 2000 Congruence equation for p(mk l3n+1
24 ) mod m

9 Laughlin 2010 partitions into parts which are coprime with both
numbers r , s simultanously
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Introduction

Definition
For a, b,m ∈ N, the Kloosterman sum is

K (a, b; m) =
∑

0≤h≤m−1
gcd(h,m)=1

e
2πi
m (ah+bh′).

Definition
The Bessel function of order α is

Jα(x) =
∞∑

m=0

(−1)m

m!Γ(m + α + 1)

(x

2

)2m+α

.

In particular, the Bessel function of order zero is

J0(x) =
1

2

∫ ∞
0

e−t+ z2

4t
d

dt
.
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Symmetric subset of Residue modulo m

Let m ∈ N; then a symmetric subset A of Zm is a subset in which if
a ∈ A, then −a ∈ A. All of similar previous results are working in
symmetric set. We plan to find a way to discuss for non symmetric sets.

Definition
Farey dissection is a recurrence sequences of numbers.
Let a0

b0
= 0

1 and c0

d0
= 1

1 .
an
bn
, cndn ∈ An −→ an+1

bn+1
= an+cn

bn+dn
∈ An+1.

A0 ={0

1
,

1

1
}

A1 ={0

1
,

1

2
,

1

1
}

A2 ={0

1
,

1

3
,

1

2
,

2

3
,

1

1
}

A3 ={0

1
,

1

4
,

1

3
,

1

2
,

2

3
,

3

4
,

1

1
}
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Exact formula for the case T ∈ Γ0(p)

Step one: Modular Transformation

Define

Ga(x) = log(Fa(x)) = −
∞∑

m=0

log(1− xpm+a) =
∞∑

m=0

∞∑
n=1

x (pm+a)n

n
.

Then

Ga(x) = Gb(x ′)− 2πi(R1 + R2).

where R1 and R2 are the residue of the following functions, respectively.

Res

(
1

4πik2

∑
µb≡ha≡b(modp)

0≤ν,λ,µb<k

cos(
2πµν

k
) cos(

2πh′λµ

k
)
ζ(1 + s, λk )ζ(1− s, νk )

z−s cos(πs2 )

)

Res

(
1

4πk2

∑
µb≡ha≡b(modp)

0≤ν,λ,µb<k

sin(
2πµν

k
) sin(

2πh′λµ

k
)
ζ(1 + s, λk )ζ(1− s, νk )

z−s sin(πs2 )

)
.



Number of partitions with parts of the form pt + a

Exact formula for the case T ∈ Γ0(p)

In modular forms Notation

Let G (x) = [G1(x), · · ·Gp(x)], Then if γ =

[
−h′ hh′−1

k
k −h

]
∈ Γ0(p) (i.e.

p|k), then

G |γ(x) = AG (x)

where

Aab = e2πi(R1+R2)

where R1,R2 are defined in the previous slide.
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Exact formula for the case T ∈ Γ0(p)

Second step: Finding Residues

We have

R1 + R2 =
z(p2 − 6pa + 6a2)

48pki
− p2 − 6pb + 6b2

48pkiz

+
1

2

∑
µa≡a (mod p)

((µa

k

))((hµa

k

))
.

First point: Using the following equations for Hurwitz-zeta function,

ζ(s,
µ

k
) =

2Γ(1− s)

(2πk)1−s

(
sin(

πs

2
)
k−1∑
λ=0

cos(
2πλµ

k
)ζ(1− s,

λ

k
)

+ cos(
πs

2
)
k−1∑
λ=0

sin(
2πλµ

k
)ζ(1− s,

λ

k
)

)

Second point:
∑
µb≡ha{hµb, k}2 =

∑
µa≡a{hµa, k}2
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Exact formula for the case T ∈ Γ0(p)

Third step: Computing R2

Let ωa(h, k) = e2πiR2 . Then

ωa(h, k) =e
πi

12kp (h(12a2−f φu+12(k−p)(2k−p))+h′f φu)

× e
πi(6kfφ−6gkγ+6k){ ha

p
}

12k × e
πiD
12kp

where

D = 3akp − 12kpr − 3k(k − p)− 6ka− 3f φkp − 6kgaγ − 6kgpγ + 3gkγ.

To find a congruent equation for R2 modulo 1, we need
∑
µ

hµ
k

[
hµ
k

]
. It

can be find from the fact that
∑
µa

({ hµa

k } −
1
2 )2 =

∑
µb

(µb

k −
1
2 )2.
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Exact formula for the case T ∈ Γ0(p)

Fourth step: Incomplete Kloosterman’s sum

Assume that

A(n, ν, k , d , σ1, σ2, a) :=
∑

ωa(h, k)e−
2πi(hn − h′ν)

k
.

where the sum is over 0 ≤ h ≤ k , h ≡ d (mod p),

0 ≤ σ1 ≤ h′ < σ2 ≤ k . Then A(n, ν, k , d , σ1, σ2, a) = O(k
2
3 n

1
3 ).

First point: We change A to a complete Kloosterman’s sum by

multiplying a characteristic function a(h′) =

{
1 σ1 ≤ h′ < σ2

0 O.W .
. Then

we find Fourier Transform of a(h′).

Second Point: We need to change eπi{
ha
k } into the form eπi(ah+bh′+c). To

do this we use Fourier Transform. If eπi{
ha
k } =

∑ k
(a,k)−1

r=0 bre
2πir(a,k)

k , then

br =
2

k(1− e
πi(1−2t)(a,k)

k )
.

Third point: Because of orthognality, we have symetry for all 1 ≤ d ≤ p.
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Exact formula for the case T ∈ Γ0(p)

Last step: Circle method and Integral computation

Let Dr = −π2

24k2p (p2 − 6pa + 6a2 + 24pn)(2r + p2−6pb+6b2

24p ) and

Er = π
k2 (2r − p2−6pb+6b2

24p ).

p1
a(n) =

∑
0<k≤N

p|k

( ∑
0≤r<[− p2−6pb+6b2

48p ]

2πiJ1(2
√

Dr )

24kp

√
48pr − p2 − 6pb + 6b2

p2 − 6pa− 6a2 + 24pn

×
∑

0≤h<k
h≡d (mod p)

0<h′≤k

ωa(h, k)e
−πi(−2nh+2h′r+k)

k

)
.

where J1(·) is the Bessel function of the first degree.
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Exact formula for the case T ∈ Γ(1) \ Γ0(p)

First step: Modular Transformation

Let p - k, K = kp, kα ≡ a (mod p), and

Ja(x) = log

( ∏
0<n<∞

1

1− e
2πiα
K xn

)
.

Then

Ga(x) = Ja|γ(x)− 2πi(R1 + R2).

where R1,R2 are the residues of the following functions

1

4πikK

∑
µa≡a (mod p)

0≤ν,λ<k

cos(
2πµ′ν

k
) cos(

2πλµ

K
)
ζ(1 + s, λK )ζ(1− s, νk )ds

z−s cos(πs2 )

1

4πkK

∑
µa≡a (mod p)

0≤ν,λ<k

sin(
2πµ′ν

k
) sin(

2πλµ

K
)
ζ(1 + s, λK )ζ(1− s, νk )ds

z−s sin(πs2 )
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Exact formula for the case T ∈ Γ(1) \ Γ0(p)

Second and Third steps: Computing Residues

We have

2πi(R1 + R2) =
1

48ikp
(z(p2 − 6pa + 6a2)− 1

z
)

− 4πikpς(k , a, p) + πiκ(h, k, a, p).

where

ς(k , a, p) = (log(2kpπ) + γ)(
1

2
− α

p
) + log(

α

p
)− 1

2
log(2π).

and

κ(h, k, a, p) =
∑

µ≡a (mod p)

((
µ

K
))((

hµ

k
)).
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Exact formula for the case T ∈ Γ(1) \ Γ0(p)

Fourth step: Incomplete Kloosterman’s sum

We define an analogous A for this case and we have

A(n, v , u, k , d , σ1, σ2, a) = O((pk)
2
3 +ε).

The main difference: We need to deal with
∑k′

t=0{
hp(2t+1+l)

2k′+1 } and∑k′

t=0{
hp(2t+1−l)

k }. We compute a congruence equation for these sums to
change them in the form of ah + bh′ + c .
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Exact formula for the case T ∈ Γ(1) \ Γ0(p)

Last step: Circle method

We have

P2
a (n) = −

′∑
0≤h<k≤N

h≡d (mod p)

(
e−

2π
k (hn+k((log(2πpk)+γ)( 1

2 )+log(αp )− log(2π)
2 ))ωa(h, k)

×
√
π(p2 − 6pa + 6a2 − 48pn)

24pk

× I1(

√
π(p2 − 6pa + 6a2 − 48pn)

48pk
)

)
+ O(eN−2

).

where I1 is the modified Bessel function of the first kind and order one.
So we can find pa(n) = p1

a(n) + p2
a(n).
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Remark, Corollary, and Meinardus Theorem

Remark

The expansion for p1
a(n) is in the form of sum over multiplication of

Kloosterman’s sums and Bessel functions. This exactly the same as the
Fourier expansion of Poincare series. In particular, assume that
φm(τ) = qm, k > 2 be a half integer and
Pk,m,N(τ) =

∑
γ∈Γ∞\Γ0(N) φm|kγ(τ). Also, if Pk,m,N =

∑∞
n=1 bm(n)qn

then

bm(n) =
( n

m

) k−1
2

(
δm,n + 2πi−k

∑
c>0,N|c

Kk(m, n, c)

c
Jk−1

(
4π
√

mn

c

))
.

Comparing this and the formula for partitions give us a clue that all of
such generating functions can be represented as a series of Poincare
series.
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Remark, Corollary, and Meinardus Theorem

Corollary

Let ps(n) := p1
s (n) + p2

s (n) be the number of ways to represent n into
parts of the form pt + a2. Then

p2
s =

∑
1≤d≤p

∑ ′

0≤h<k≤N
h≡d (mod p)

e
−2πi

k (hn+ k(log(2πpk)+γ)
2 − k log(2π)

2 )ω0(ph, k)(pk)
1
2

 p−1
2∏

a=1

ωa2 (h, k)

 p−1
2∏

a=1

e−2πi(log(
{a2k−1}p

p ))


×

(
3k2(

Un

π
)

3
2

d

dx

(
2 cosh(

√
UxVx)

V ′x
√

Ux

)
x=n

− −π
2
√

Un

d

dx

(
2e−2

√
UxVx

V ′x
√

Ux

)
x=n

+ O(
1

kN
)

)

where
∏ p−1

2
a=1 ωa2 (h, k), Un,Vn can be computed. Also ω0(h, k) is defined

in the Rademacher proof and {a2k−1}p is a2k−1 (mod p).
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Remark, Corollary, and Meinardus Theorem

Corollary

Also

p1
s (n) =

∑
d

′∑
0≤h<k≤N
ϑ′=ϑ′(h,k)
ϑ”=ϑ”(h,k)
h≡d (mod p)

e
−2πinh

k

p−1
2∏

a=1

(∑
r

∑
r ′

Ptot(r)P0(r ′)e
2πir
k + 2πir′h′

k ωa2 (h, k)

)

× ω0(h, k)3k5/2(
Zn

π
)

3
2

d

dx

(
2 cosh(

√
ZxYx)

Y ′x
√

Zx

)
x=n

− −π
2
√

Zn

d

dx

(
2e−2

√
ZxYx

Y ′x
√

Zx

)
x=n

+ O(
1

kN
)

where we have r + r ′ ≤ 1
2π

(
p
24

∑ p−1
2

a=1

(
1− 6{ ha

2

p }+ 6{ ha
2

p }
2
)

+ π
12

)
.
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Remark, Corollary, and Meinardus Theorem

Meinardus

Let f (z) =
∑∞

n=0 cnzn =
∏∞

k=0(1− zk)−bk . Assume that
D(s) =

∑∞
n=1 bkk−s . If first: D is convergent for σ > r and has analytic

continuation for σ > −C0 for 1 ≥ C0 > 0.
Second: There is a constant C1 such that D(s) = O(|t|C1 ) uniformly
when σ > −C0 and t −→∞.
Third: There exists C2, ε such that Re(G (e−σ−it))− G (e−σ) ≤ −C2σ

−ε

for |arg(σ + it)| < π
4 , 0 6= |t| < π, and σ −→ 0. Then there exists

k1, k2,C such that

cn = Cnk1 e
n

r
r+1

(
1+ 1

r

)(
AΓ(r+1)ζ(r+1)

) 1
r+1

Corollary

Let D(s) =
∑∞

n=1
1

(np+a)s = p−sζ(s, a/p). Then

G (z) = za+p(1− zp)−1. We can check that all three conditions hold

and pa(n) ∼ eD′(0)(4π)−1/2(π2/6)2a/pn−1/2−a/2p exp

(
π(2n/3)1/2

)
.
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