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Definition
Zeta function Let X be a variety of dimension d in F, and
Xn = Xo X Fgn and X = Xy x Fq. Then

Z (1) == oY 1%l ). )

n>1

The Euler product form:

ZXms(q) = H i (2)

x:closeinX, qdee(x)s
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Projective space

Let Xo = P9(FF,), then
[Xol =1+¢"+ -+ g™ (3)
n n un
Zyo(u) = exp(D_(1 4"+ +¢7)—)

d CONER /
=[[exe>_ )= _Hexp(log(l —q'u)™)

i=0 n>1 i=0
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Definition

Character A character is a nonzero multiplicative function

chi : Fq — C; i.e. x(ab) = x(a)x(b).

The Gauss sum is the discrete Fourier transformation of x. So

g) =D x(t)e® (5)

teF,

Finally, the Jacobian sum of the character x, T (over the same field) is

Joe7) = x(a)r(b) (6)
a+b=1
We have
Jor) = g(x)e(7) )

g(x7)
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The number of the Affine roots for the polynomial
f(xa, o, xp) = >0 aix™ — b over Fy is

N= > > xi(w) (8)

a;EFq X;"r' =

Zi a,-u,-:b
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Let Xo : y2 = x3 + 1 over F,,. Affine solutions

Xl =22 > > x(p(1-1)

telF, x3=¢ p?=¢

= 3= (=(8) + xX(B)p(1 — 1) + X(2)p(1 — ) + X(8) + p(1 — &) + X(2)

tEF 1%

=q+ (J(x, p) +I(X; )

=g +2Re (x*(2)J(x; X)) = g+ 2Re (X @ 2 g(x)T)

teF

_ o (1202 (800 _ . (g(x))
=q+2R (x (2) g(x2)> q+2R ( %(2) 0) ) 9)
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An important result
If X'(t) = x(N(t)) for every t € Fpr, then (—g(x))" = g(x’)-
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Example

The only Solution of Xp : y?> = x3 + 1 at infinity hyperplane:
x=0,y=1,t=0.
n ’n g())?n .\ u"
Zio () —exp(3(1 + g7 + (2n(2) B 4 2y BV o
1 (g(x)) (b)) " n
ux’g(x)? ) (ung(x)2 )"
(1 oN=1(1 _ =il g(x) g(x)
=(1—-u) 71— qu)exp(> - )
n>1
_ (0?1 _ ux’e(x)’
:(1 O 2(x) ) _ ltaut qu? (10)
(1—u)(1—qu) (1—u)(1—qu)
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Example
The only Solution of Xp : y?> = x3 + 1 at infinity hyperplane:
x=0,y=1,t=0.

(g(x))n (g(x))?n\\\u"
Zx, (u) =ex 1+4q" 2p(2)~ 22— 2p(2)~222L ) —
x,(u) =e P(%:l( +q" + (x“n( )(g(x))" )) + (x?n(2) )" ) -
ux’g(x)’ ) (ung(x)2 )"
:(1 _ u)—l(l _ qu)—l eXp(Z g(x) - g(x) )
(1- UX;iS()Z )1 - ux;fgf) 1+ au+ qu?
T 0-ol-@  0-wl-q) (10)

1- It seems that zeta function is a rational function.
2- One can see that |a| < 2,/q.
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Weil's (Theorem or Conjecture)

If Xo is a dimension d smooth and projective variety:

1- Z(Xp) is actually a rational function.

2- There exists an integer r and a = %1 such that Z(Xp) satisfies a
functional equation

Z(Xo, d)(u) = ag% u"Z(Xo, 1)(u). (11)
3- We can write Z(Xp) as a rational function of the form

d—1
H,’:o 'D2i+1

Z(Xy) =
) = 01— ) [T P

4- P; € Z[x] and all the zeroes of P; are of modulus g~




A Background for the Weil Conjectures
- Introduction

An application of Deligne's result

If f is a cusp form of weight k, and f(q) = > ", a,q", then By Hecke
proof, we know that a, = O(n¥).

Deligne result gives us a, = O(nk—2+¢).
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cech and etale (1)

if X is of dimension d, then the cech(etale) cohomology H'(X,C) =0
(H'(X, @) = 0) for all i > 2d.
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cech and etale (1)

if X is of dimension d, then the cech(etale) cohomology H'(X,C) =0
(H'(X, @) = 0) for all i > 2d.

cech and etale (2)
H(X, C) (HL,(X, Q) is a finite dimensional C-vector (Q,-vector) space.
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cech and etale (3)

if f: X — Y is a morphism then there are associated maps in
cohomology for all i > 0

fx: H(Y,C) — H'(X, C). (13)

Fx: HL(Y, Q) — HI(X, Q). (14)

In particular, a map X — X induces endomorphisms of the finite
dimensional C-vector (Q,-vector) spaces H'(X, C) (H(X, @p)).
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cech and etale (4)

Lefschetz trace formula: let f : X — X be a morphism map with
isolated fixed points, satisfying a certain separability assumption on

1 — df acting on the tangent spaces at the fixed points, and L(f) the
number of those. Then we have the equality

2d

L(F) =D (1) Tr(f = |HL(X, Qp)) (15)

i=0

v
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